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ABSTRACT

Transfer learning is known to perform efficiently in many applications empirically,
yet limited literature reports the mechanism behind the scene. This study establishes
both formal derivations and heuristic analysis to formulate the theory of transfer
learning in deep learning. Our framework utilizing layer variational analysis proves
that the success of transfer learning can be guaranteed with corresponding data
conditions. Moreover, our theoretical calculation yields intuitive interpretations
towards the knowledge transfer process. Subsequently, an alternative method
for network-based transfer learning is derived. The method shows an increase in
efficiency and accuracy for domain adaptation. It is particularly advantageous when
new domain data is sufficiently sparse during adaptation. Numerical experiments
over diverse tasks validated our theory and verified that our analytic expression
achieved better performance in domain adaptation than the gradient descent method.

1 INTRODUCTION

Transfer learning is a technique applied to neural networks admitting rapid learning from one (source)
domain to another domain, and it mimics human brains in terms of cognitive understanding. The
concept of transfer learning has been considerably advantageous, and different frameworks have been
formulated for various applications in different fields. For instance, it has been widely applied in image
classification (Quattoni et al., 2008; Zhu et al., 2011; Hussain et al., 2018), object detection (Shin
et al., 2016), and natural language processing (NLP) (Houlsby et al., 2019; Raffel et al., 2019). In
addition to applications in computer vision and NLP, transferability is fundamentally and directly
related to domain adaptation and adversarial learning (Luo et al., 2017; Cao et al., 2018; Ganin et al.,
2016). Another majority field adopting transfer learning is domain adaptation, which investigates
transition problems between two close domains (Kouw & Loog, 2018). Typical understanding is that
transfer learning deals with a general problem where two domains can be rather distinct, allowing
sample space and label space to differ. While domain adaptation is considered a subfield in transfer
learning where the sample/label spaces are fixed with only the probability distributions allowed to be
varied. Several studies have investigated the transferability of network features or representations
through experimentation, and discussed their relation to network structures (Yosinski et al., 2014),
features and parameter spaces (Neyshabur et al., 2020; Gonthier et al., 2020).

In general, all methods that improve the predictive performance of a target domain, using knowledge
of a source domain, is considered under the transfer learning category (Weiss et al., 2016; Tan et al.,
2018). This work particularly focuses on the network-based transfer-learning, which refers to a
specific framework that reuses a pretrained network. This approach is often referred to as finetuning,
which has been shown powerful and widely applied with deep-learning models (Ge & Yu, 2017; Guo
et al., 2019). Even with abundant successes in applications, the understanding for network-based
transfer learning mechanism from a theoretical framework remains limited.

This paper presents a theoretical framework set out from aspects of functional variation analy-
sis (Gelfand et al., 2000) to rigorously discuss the mechanism of transfer learning. Under the
framework, error estimates can be computed to support the foundation of transfer-learning, and an
interpretation is provided to connect the theoretical derivations with transfer learning mechanism.

Our contributions can be summarized as follows: we formalize transfer learning in a rigorous setting
and variational analysis to build up a theoretical foundation for the empirical technique. A theorem is
proved through layer variational analysis that under certain data similarity condition, a transferred
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net is guaranteed to transfer knowledge successfully. Moreover, a comprehensible interpretation is
presented to understand the �netuning mechanism. Subsequently, the interpretation reveals that the
reduction of non-trivial transfer learning loss can be represented by a linear regression form, which
naturally leads to analytical (globally) optimal solutions. Experiments in domain adaptation were
conducted and showed promising results, which validated our theoretical framework.

2 RELATED WORK

Transfer Learning Transfer learning based on deep learning has achieved great success, and
�netuning a pretrained model has been considered an in�uential approach for knowledge transfer (Guo
et al., 2019; Girshick et al., 2014; Long et al., 2015). Due to its importance, many studies attempt to
understand the transferability from a wide range of perspectives, such as its dependency on the base
model (Kornblith et al., 2019), and the relation with features and parameters (Pan & Yang, 2009).
Empirically, similarity could be a factor for successful knowledge transfer. The similarity between
the pretrained and �netuned models was discussed in (Xuhong et al., 2018). Our work begins from
setting up a mathematical framework with data similarity de�ned, which leads to a new formulation
with intuitive interpretations for transferred models.

Domain Adaptation Typically domain adaptations consider data distributions and deviations to
search for mappings aligning domains. Early literature suggested that assuming data drawn from
certain probabilities (Blitzer et al., 2006) can be used to model and compensate the domain mismatch.
Some studies then looked for theoretical arguments when a successful adaptation can be yielded.
Particularly, (Redko et al., 2020) estimated learning bounds on various statistical conditions and
yielded theoretical guarantees under classical learning settings. Inspired by deep learning, feature
extractions (Wang & Deng, 2018) and ef�cient �netuning of networks (Patricia & Caputo, 2014;
Donahue et al., 2014; Li et al., 2019) become popular techniques achieving domain adaptation tasks.
The �netuning of networks was investigated further to see what was being transferred and learned
in (Wei et al., 2018). This will be close to our investigation on weights optimizations.

3 MATHEMATICAL FRAMEWORK AND ERRORESTIMATES

3.1 FRAMEWORK FORNETWORK-BASED TRANSFERLEARNING

To formally address error estimates, we �rst formulate the framework and notations for consistency.
De�nition 3.1 (Neural networks). An n-layer neural networkf : R` 0 ! R` n is a function of the
form:

f = f n � f n � 1 � � � � � f 1 (1)
for eachj = 1 ; : : : ; n, f j = � j � A j : R` j � 1 ! R` j is a layer composed by an af�ne function
A j (z) := Wj z+ bj and an activation function� j : R` j ! R` j , withWj 2 L

�
R` j � 1 ; R` j

�
, bj 2 R` j

andL(K; V ) the collection of all linear maps between two linear spacesK ! V .

The concept of transfer learning is formulated as follows:
De�nition 3.2 (K -layer �xed transfer learning). Given one (large and diverse) datasetD =
f (x i ; yi ) 2 X � Yg and a correspondingn-layer networkf = f n � f n � 1 � ::: � f 1 : X ! Y
trained byD under lossL (f ), thek-layer �xed transfer learning�nds a new networkg : X ! Y of
the form,

g = gn � gn � 1 � � � � � gk+1 � f k � � � � � f 1| {z }
�xed

; (2)

under lossL (g) when a new and similar dataseteD = f (ex i ; eyi ) 2 X � Yg is given. The �rstk
layers off remain �xed andgj := � j � eA j are new layers with af�ne functionseA j to be adjusted
(k < j < n ).

The netf trained by the original dataD is called thepretrained net andg trained by new dataeD is
called thetransferred net or the�netuned net. Transfer learning has the empirical implication of
“transferring” knowledge from one domain to another by �xing the �rst few pretrained layers. One
main goal of this study is to characterize the transferring process under layer �netuning.

2



Under review as a conference paper at ICLR 2023

We utilize the loss function to de�ne the concept of a “well-trained” net, in order to comprehend
transfer learning mechanism. The losses for the pretrained netf and the transferred netg are
computed on a general label spaceY with normk � kY :

L (f ) =
1
N

NX

i =1

kf (x i ) � yi k2
Y ; L (g) =

1
N

NX

i =1

kg(ex i ) � eyi k2
Y : (3)

De�nition 3.3 (Well-trained net). Given a datasetD = f (x i ; yi ) 2 X � Yg , a networkh is called
well-trained under dataD within error " trained > 0 if

L (h) =
NX

i =1

kh(x i ) � yi k2
Y � "2

trained: (4)

The de�nition then implies that awell-pretrainednetf within error"pretrainedis to satisfy

L (f ) � "2
pretrained: (5)

In certain domain adaptation applications, discussions are in terms of probability distributions (Redko
et al., 2020). Our framework is compatible with the usual probabilistic setting under the independent
and identically distributed (i.i.d.) consideration, frequently applied in practice. In this case, Eq. (3) is
equivalent to

L (f ) = E(x;y ) �D `2(f (x); y); L (g) = E( ex; ~y) � eD `2(g(ex); ey) (6)

where` is a norm (error) function.

One intuition for successful knowledge transfer is that the previous knowledge base and the new
domain share some common (or similar) features. The resemblance of two datasetsD, eD under
transfer learning in this work is de�ned by:

De�nition 3.4 (Data deviation). Thedata deviation"data � 0 of two datasetsD and eD is de�ned as,

max
i

n
min

j

n
k(ex i ; eyi ) � (x j ; yj )kX �Y

oo
� "data; (i � j eDj ; j � jDj ) (7)

Note that the �rst minimization in Eq. (7) is recognized as performingsample alignmentin the
context of domain adaptation. In fact, for eachi � j eDj there exists an index

j i := arg min
j

n
k(ex i ; eyi ) � (x j ; yj )kX �Y

o
(8)

suchj i then corresponds to theclosetsample inD to i . This step is usually referred to assample
alignment. Domain alignment is then to perform sample alignment over all samples of a given
domain. Consequently, this de�nition aligns two datasets �rst and then considers the largest distance
among all aligned pairs.

Remark 3.5. To simplify notations for the following discussions, two assumptions can be made
without loss of generality. First, a rearrangement on sample index can be done by Eq. (8) and simply
renamej i asi for convenience. Second, with proper rescaling on data, uniform boundedness onD
and eD can be yielded. As such, one may assumekx j kX , kyj kY , k~x i kX , keyi kY � 1 for all i � j eDj ,
j � jDj . These two assumptions are applied in the rest of discussions unless speci�ed otherwise.

3.2 TRANSFERLOSSBOUND VIA LAYER VARIATIONS

Neural networks of the form Eq. (1) with Lipschitz activation functions are Lipschitz continuous. We
utilize Lipschitz constants to control the network propagation and estimate the error of lastr -layer
�netuned nets. The Lipschitz constant of a networkh is denoted byCh in this paper. Let a pretrained
netf be composed by two parts:

f = ( f n � � � � � f n � r +1 ) � (f n � r � � � � � f 1) := F � Fn � r (9)

whereFn � r = f n � r � � � � � f 1 are layers to be�xed andF = f n � ::: � f n � r +1 are the lastr layers
to be�netuned(1 < r < n ). With only two essential de�nitions above, our main theorem addressing
the validity of the transfer learning technique can be derived:
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Theorem 3.6(Finetuned loss bounded by pretrain loss and data). LetD, eD be two datasets with deviation
"data andf = F � Fn � r be a well pretrained network underD, then a net �netuning the lastr layers
of f with the formg := ( F + �F ) � Fn � r has bounded loss oneD,

L (g) =
1
N

NX

i =1

kg(ex i ) � eyi k2
Y � C("2

pretrained+ "2
data); (10)

where�F is a Lipschitz function withC�F � "data; C is a constant depending onCFn � r andCF .

Sketch Proof.By g = ( F + �F ) � Fn � r and notations in Eq. (8), we have

g(ex i ) = ( F + �F ) � Fn � r (ex i ) = f (x j i ) + v1 (11)

with v1 := �F � Fn � r (ex i ) + f (ex i ) � f (x j i ). We compute,

1
N

NX

i =1

kg(ex i ) � eyi k2
Y =

1
N

NX

i =1

kf (x j i ) � eyi + v1k2
Y � 3

�
"2

pretrained+ "2
data+ kv1k2

Y

�
; (12)

with Eq. (5) and the triangle inequality applied in the last inequality. Further, we estimate,

kv1k2
Y � 2

�
k�F � Fn � r (ex i ))k2

Y + kf (ex i ) � f (x i )k2
Y

�
� 2

�
C2

�F C2
Fn � r

+ C2
F C2

Fn � r
"2

data

�
: (13)

With Eq. (12) and conditionC�F � "data, the result Eq. (10) can be yielded. For the complete proof,
see Appendix 7.1.

Theorem 3.6 depicts that the �netuned loss is bounded by the pretrained loss and the data difference in
Eq. (10), linking the relation ofnetwork functionsanddatainto one. This then explains our intuition
why a well-pretrained net beforehand is necessary, and transfer learning is only expected to be viable
on datasets with certain similarity. Thus, with minimal conditions and de�nitions Theorem 3.6
succinctly addresses when transfer learning guarantees a well-�netuned model under a new dataset.

Remark 3.7. For two very different datasets, one has"data � 0. Eq. (10) then indicates such transfer
learning process is generally more dif�cult as the upper bound becomes large, even with a small
pretraining error"pretrained. Typically, in the task of domain adaptations,"data is not expected to be
large.

Remark 3.8. Eq. (10) is regarded as an extension of Eq. (5) whenevereD 6= D. The two equations
coincide if"data = 0 where two domainsD; eD perfectly align.

4 INTERPRETATIONS& CHARACTERIZATIONS OFNETWORK-BASED

TRANSFERLEARNING

Inspired by the mathematical framework of Theorem 3.6, an intuitive interpretation of network-based
transfer learning can be derived, which in turn leads to a novel formulation for neural network
�netuning. The derivation begins with the Layer Variational Analysis (LVA), where the effect of data
variation and transmission can be addressed.

4.1 LAYER VARIATIONAL ANALYSIS (LVA)

To clarify the effect of one layer variation (r = 1 in Theorem 3.6), we denote the latent variableszi ,
ezi and the last �netuned layergn from Eq. (2) by,

zi := Fn � 1(x i ); ezi := Fn � 1(ex i ); gn := f n + �f n (14)

The target prediction error can be related to the pretrain error via following expansion,

kg(ex i ) � eyi kY =



 �

gn (ezi ) � f n (ezi )
�

+
�
f n (ezi ) � f n (zi )

�
+

�
f (x i ) � yi

�
+

�
yi � eyi

� 




Y (15)

with six self-cancelled-out terms added for auxiliary purpose. Note the identitiesg(ex i ) = gn (ezi ),
f n (zi ) = f (x i ) are used and the second grouping can be rewritten by,

f n (ezi ) � f n (zi ) = J (f n )(zi ) � �z i + �z T
i � H (f n )(zi ) � �z i + O(�z 3

i ) (16)
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where�z i := ( ezi � zi ) corresponds to thelatent feature shift; J (f n )(zi ) andH (f n )(zi ) are the
Jacobianand theHessianmatrix of f n atzi , respectively. In principle, non-linear activation functions
introduce high order�z i terms to Eq. (16), where by considering regression type problems (assuming
f n purely an af�ne function) the �netune loss Eq. (15) is allowed to be simpli�ed as,

L (g) =
1
N

NX

i =1

k�f n (ezi ) � qi k2
Y (17)

with �y i := eyi � yi and the vectorqi 2 Y de�ned as

qi := �y i � J (f n )(zi ) � �z i + ( f (x i ) � yi ) (18)

which is referred to astransferal residue. Via Transmission of Layer Variations (Appendix 7.3) one
may also write,

qi = �y i � J (f )(x i ) � �x i + ( f (x i ) � yi ) (19)

4.2 LVA I NTERPRETATIONS& I NTUITIONS

The equivalent form Eq. (17) of the transfer lossL (g) = 1
N

P N
i =1 kg(ex i ) � eyi k2

Y under LVA renders
an intuitive interpretation for network-based transfer learning. The resulting picture is particularly
helpful for domain adaptations.

Transferal residue: We justify the nametransferal residueof Eq. (19). There are two pairs:

qi = �y i � J (f )(x i ) � �x i

domain mismatch(�)

+ (f (x i ) � yi )
pretrain error(?)

(20)

where the �rst pair(�) evaluatesdomain mismatch; the other measures thepretrain error, since:
(a) perfect pretrainf givesf (x i ) = yi then(?) = 0 , (b) if two domains match perfectlyD = eD,
�x i = �y i = 0 then(�) = 0 .

In such perfect case,qi � 0 and there isnothing newfor f to learn/adapt ineD. On the contrary, iff
is ill-pretrained withk�x i k, k�y i k large,qi becomes large too, indicating there ismuch to adaptin eD.
Therefore, the transferal residue characterizes the amount of new knowledge needed to be learned in
the new domain, and hence the name. In short,

kqi k ! 0 (nothing to adapt); kqi k ! 1 (much to adapt)

Layer variations to cancel transferal residue: Whenever the transferal residue is nonzero, the
�netune netg adjusts fromf to react, as Eq. (17) assigns layer variation�f n to neutralizeqi .
Minimizing the adaptation lossL (g) with �f n , we see that

qi � 0
no

,��!
adapt

�f n � 0; qi 6= 0
need

,���!
adapt

�f n

 � min Eq. (17)

In fact, the last adaptation step
 is analytically solvable if�f n is a linear functional withk � kY being
L 2-norm. By Moore-Penrose pseudo-inverse, the minimum is achieved at

�f n =
�
ezT � ez

� � 1
ezT � q (21)

with ~z := ( ez1; : : : ; ezN ) andq := ( q1; : : : ; qN ). In short, layer variations tend to digest the knowledge
discrepancy due to domain differences.

Knowledge transfer: As qi re�ects the amount of new knowledge left to be digested ineD, we
see a termJ (f )(x i )�x i automatically emerges trying to reduce the remainder inqi . Especially, the
Jacobian term appears with a negative sign opposite tof (x i ); it is presented as aself-correction
(self-adaptation)to the new domain. The purpose ofJ (f )(x i )�x i serves toannihilate the new label
shift �y i Eq. (20) (e.g. Fig. 1) and notice that the self-correction not needed ifD = eD, �x i = 0 .

Since the pretrainedf contains previous domain information, the termJ (f )(x i )�x i indicates the
old knowledge is carried over byf to dissolve the new unknown data. Such quanti�cation then
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Figure 1: An illustration of transferal residue Eq. (20). In this example, a pretrained (animal classi�er)
f with 1-hot label is adapted fromD ! eD, whereD is of dog images andeD is of cat images. The
self-correction term transferring the old knowledge attempts to correct predictions, Eq. (20).

yields an interpretation and renders an intuitive view for network-based transfer learning. The LVA
formulation naturally admits 4 types of domain transitions according to Eq. (20): (a)�x i = �y i = 0 ,
(b) �x i 6= 0 , �y i = 0 , (c) �x i = 0 , �y i 6= 0 and (d)�x i 6= 0 , �y i 6= 0 .

The analysis can be extended to multi-layer cases as well as Convolutional Neural Networks (CNN);
only that the analytic computation soon becomes cumbersome. Therefore, only one-layer LVA
�netuning is demonstrated in this work. Further discussions and calculations for LVA of two layers
and CNNs can be found in Appendix 7.2. Although there is no explicit formula for multi-layer
cases to obtain the optimal solution, iterative regression can be utilized recursively to obtain a sub-
optimal result analytically without invoking gradient descent. The LVA formulation not only renders
interesting perspectives in theory, but also demonstrates successful knowledge adaptations in practice.

5 EXPERIMENTS

Three experiments in various �elds were conducted to verify our theoretical formulation. The �rst task
was a simulated 1D time series regression, the second was Speech Enhancement (SE) of real-world
voice dataset; the third was an image deblurring task by extending our formula onto Convolutional
Neural Networks (CNNs). The three tasks demonstrated the LVA had prompt adaptation ability under
new domains and con�rmed the calculations Eq. (15)� (18). The code is available on Github1. For
detailed implementations and additional results on adaptive image classi�cations, see Appendix 8.

5.1 TIME SERIES(1D SIGNAL) REGRESSION

Goal: Train a DNN predicting temporal signalD and adapt it to another signal with noiseeD.

Dataset:Two signals are designed as follows, witheD mimicking a noisy signal (a low-quality device)

D =
�

(t i ; sin(5�t i ))
	

i ;
eD =

�
(t i + 0 :05� i ; 
 (t i ) sin(5�t i )) + 0 :03� i )

	
i (22)

with f t i j i = 1 ; : : : ; 2000g 2 [� 1; 1] equally distributed,
 (t i ) = 0 :4t i + 1 :3998, � i � N (1:5; 0:8),
� i � U (� 1; 1). N (�; � ) is a normal distribution of mean� and variance� ; U as a uniform
distribution[� 1; 1].

Implementation: The pretrained modelf consists of 3 fully-connected layers of 64 nodes with
ReLu as activation functions. We refer to Appendix for more implementation details.

Result analysis:The adaptation results were compared between the conventional gradient descent
(GD) method and LVA by Eq. (18), (21). The transferred netg from f was �netuned with GD for
12000 epochs, while LVA only requires one step to derive. After adaptation, LVA reached lowest
L 2-loss compared to GD of same �netuned layer numbers, see Fig. 2(f). This veri�ed the stability and
validity of the proposed framework. In addition to obtaining lowest loss, the actual signal prediction
performance can also be observed improved via visualization Fig. 2(b)� (e) in the case of �netuning

1https://anonymous.4open.science/r/Layer_Variational_Analysis-183C/
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